. TEM images of amyloid fibrils formed by 1:1 488:647 Hilyte Fluor labeled Aβ40 (a) and 1:1 488:647 Hilyte Fluor labeled Aβ42 (b). Scale bar is 100 nm.
S2. TCCD DATA ACQUISITION AND ANALYSIS

S2.1. Measurements of Aβ Oligomers
For the measurements, dual-labeled protein samples were diluted in SSPE buffer up to 100 pM concentration suitable for the single-molecule analysis, immediately introduced into a straight channel of a microfluidic device via a gel-loading tip (200 µL, Life technologies) and withdrawn at a constant rate of 1 cm s −1 via a syringe pump (PHD2000, Harvard Apparatus). Overlapped laser beams were focused into the middle of the channel. For each sample, data were acquired for 600 s, with 100 µs bin-width, chosen according to the expected residence time in the excitation region at the chosen flow speed, 2 100,000 bins per frame and a total of 60 frames. The fluorescence photon traces in two separate channels, the emission from 488 (blue) and 647 (red) dyes, were collected simultaneously and outputted using custom-programmed field-programmable gate array (FPGA, Colexica). All measurements were made at ambient temperature around 20 • C.
The collected photon traces were analyzed using custom-written Igor Pro 6.22 (Wavemetrics) software similarly to previously described. 1 The data were corrected for autofluorescence in the blue (1.86 photons bin −1 ) and red (1.33 photons bin −1 ) channels and for the crosstalk (3% from blue to red and negligible in the opposite direction). Photon bursts with intensities greater than the threshold of 15 photons bin −1 in the blue, and in the red channels, were selected according to previously established threshold selection approach that allows maximizing the detection of co- incident events. 3 Simultaneous events in both channels above the threshold (the AND criterion) 4 were selected and assigned to be due to Aβ oligomers. Any highly fluorescent events occupying multiple time-bins or consisting of more than 150 monomer units, resulting from dust or fibrillar aggregates, were excluded as described before, 1 making the measurements selective for oligomers.
To account for any possible coincident events due to chance, the desynchronization approach was used. 5 Time-bins in the blue channel were randomly re-numbered before the selection of simultaneous events in the two channels above the threshold. Using these outputs, the fraction of coincident events was estimated according to:
where A is the number of fluorescent bursts in the blue channel above the 15 photons bin −1 threshold, B is the number of fluorescent bursts in the red channel, C is the number of coincident events, and E is the number of chance-coincident events. The oligomer concentration was calculated as the fraction of coincident events (oligomers) multiplied by the starting total protein concentration.
To confirm that our TCCD experiments are probing the specific interaction between Aβ molecules, we performed control experiments using either 1:1 solutions of free fluorescent dyes, 
S2.2. CAC Measurements and Analysis
Data were acquired using the same single-molecule setup as for the above TCCD measurements.
Single-color illumination was used, either 488 nm for the measurement of 488-labeled samples, or 633 nm for the measurements of 647-labeled samples. In the case of a dual-labeled DNA standard, data were acquired by exciting with one color, and subsequently with another color in the next recording. The measurements were stationary, with solutions placed on a glass coverslide and focusing the laser beam 10 µm into the solution. Data were acquired for 200 s with 1 ms time-bins (chosen according to the expected residence time in the confocal volume at these conditions 2 ), 8000
bins per frame and a total of 25 frames.
Initially, a calibration curve was recorded using a dual-labeled 40 base pair DNA duplex, generated from double-HPLC purified complementary synthetic oligonucleotides (Atdbio) with the following sequences: AlexaFluor488-TAGTGTAACTTAAGCCTAGGATAAGAGCCAGTAATCGGTA, and AlexaFluor647-TACCGATTACTGGCTCTTATCCTAGGCTTAAGTTACACTA.
The DNA duplex was formed by heating a 1:1 mixture of oligonucleotides (1 µM) to 95 • C followed by slow cooling to room temperature, analogous to previously used protocol. 2 Calibration was made with the reference to a triplicated measurement of the DNA standard, diluted in SSPE buffer, at a range of concentrations, which resulted in a linear increase in the number of bursts above a chosen threshold (10 counts bin −1 ) with sample detection concentration (0-250 pM).
Subsequently, the supernatants collected from the fibrillar Aβ samples were diluted in SSPE (serial dilution) by a factor of 8×10 3 and measured as described. The number of bursts above the same threshold as for the standard (10 counts bin −1 ) was counted and converted to the detection concentration, and subsequently to the bulk concentration using the dilution factor. The results are summarized in Table S1 . Additionally, it was found in control measurements that comparable numbers of bursts were obtained in the samples after 3 and 7 d of incubation, confirming the equilibration past 3 d.
Protein
Average number of Bursts 
S3. MODELING OUTLINE
A streamlined statistical mechanical model was developed to describe the equilibrium oligomer size distributions studied in this work and to extract the free energy of oligomer growth by monomer addition. For the simple case of a single aggregating protein type, the equivalence of the proposed model to a well-established thermodynamic approach was demonstrated. Filamentous growth was assumed, such that oligomers are treated as one-dimensional chains. Nearest-neighbor interactions were taken to dominate the partition function of each oligomer and were assumed independent of oligomer size. A single, size-independent equilibrium constant K thus describes the addition of a monomer to a j-mer to form a (j + 1)-mer at temperature T in a reaction volume V , and can be used to derive the equilibrium concentration f (j) of j-mers according to the relation
where
Here, c 0 is the standard concentration (set by convention to 1 M), the temperature T is set to a standard 25 o C and R is the molar gas constant, leaving the standard free energy of elongation ∆G • as the sole free fitting parameter.
The equilibrium monomer concentration f (1) entering Eq. (S2) is determined implicitly by conservation of the initial total monomeric protein concentation m tot , as
The total oligomer concentration for a given initial concentration m tot is described by taking the infinite sum of the distribution f (j) from j = 2. The equivalent statistical mechanical formulation allows powerful generalization of these ideas. For example, the "invisible" single-color oligomers arising from the experimental methodology can be taken into account, allowing numerical comparison with experimentally-observed oligomer concentrations via least-squares fitting.
Given a fitted value for ∆G • , the dependence of oligomer concentration on oligomer length can be determined, and it is found that, at the concentrations studied, almost all oligomers are dimeric. Considering only monomers and dimers, the modelling approach can then be extended to describe the co-oligomerization of more than one monomer species. Such a technique provides a usable model that was fitted to Aβ40-Aβ42 co-oligomerization data to give the free energy of crosselongation between the two species, and can also estimate how this free energy must in principle relate to the self-elongation energies in order for mixed oligomers to be formed. Full details can be found below. 
S4. SIMULATIONS AT 5 nM AND 10 nM
Physiologically relevant concentrations of Aβ monomer are considered to be 1-10 nM. Figure S3 shows the results of simulations for total Aβ monomer concentrations of 5 nM and 10 nM, as described in Section S8. 
where q j (T, V ) is the canonical partition function of a j-mer. Eq. (S6) can be re-summed to yield
The number of clusters of size n is then given by
The concentrations of j-mers is given by f (j) ≡ N j (T, V )/(N A V ), where N A is Avogadro's number. Re-writing q j (T, V ) as q(j), we obtain
The partition functions q(j) are given in general by a product of independent contributions from translational and internal degrees of freedom: q(j) = q trans (j) q int (j). In particular, the translational partition function q trans (j) is proportional to the system volume, and so can be written as q trans = V /v 0 (j), where v 0 (j) is a fundamental volume (in the gaseous phase, it is given by the cube of the thermal wavelength). In summary:
The chemical potential µ is set implicitly by conservation of the initial total monomeric protein concentration m tot :
where we have let M → ∞ in Eq. (S7).
S6.2. Connection to thermodynamic approach
The j th equilibrium constant K j , describing the association of a j-mer and a monomer to form a (j + 1)-mer, is defined by
where c 0 is the standard concentration. Eq. (S13) is solved recursively to give the equilibrium oligomer size distribution as
with f (1) set implicitly by the conservation-of-mass requirement (Eq. (S11)). Comparison of Eq. (S14) to Eq. (S10) yields
and
Finally, the standard free energy change ∆G • (T, V, j) ≡ ∆G • (j) upon addition of a single monomer to an oligomer of size j is obtained from Eq. (S16) using the relation
where the values chosen for T and c 0 determine the standard conditions.
S6.3. Oligomer partition function
We assume that the binding free energy associated with the nearest-neighbor interactions between constituent monomers is equal to ε, irrespective of the size of the oligomer, such that
and that the free energy of a j-mer, excluding translational entropic contiributions, is thus given by
as a j-mer has j − 1 nearest-neighbor interactions. The internal oligomer partition function q int (j)
is therefore approximated as
Furthermore, we assume that the volume-dependent translational entropic contribution from q trans (j) is independent of oligomer size, such that v 0 (j) ≡ v 0 is constant. Together, these two simplifications are equivalent to postulating size-independent aggregation and disaggregation rates in a filamentous growth model, as made clear by the now size-independent equilibrium constant
from Eq. (S16), and the resulting expression for the oligomer size distribution from Eq. (S14):
The now size-independent standard free energy change ∆G • upon addition of a monomer to an oligomer is found from Eq. (S17) to be
Under the simplifying assumptions described in this section, we can now evaluate Eq. (S7)
analytically in the limit M → ∞ to give
and Eq. (S11) can be evaluated similarly to give
By combining this expression with Eqs. (S10) and (S20), an implicit expression for ε can be found if the oligomer size distribution f (j) is known: 
S6.4. Correcting for experimental observations
In each experiment, half of the monomer species are labeled "red", and the other half "blue".
Only oligomers which contain at least one red monomer and at least one blue monomer are accounted for; all single-color species detected are branded free monomer molecules by the experimental procedure, and the two labels are assumed to have no differing effects besides introducing a degree of distinguishability between particles.
Eq. (S10) is thus modified to take into account the two colors:
where f (j 1 , j 2 ) denotes the concentration of oligomers of size j = j 1 + j 2 monomers, of which j 1 are red and j 2 are blue. Eq. (S24) is similarly modified to give
where M → ∞ in the last line.
Terms in Eq. (S28) are then grouped according to the experimental constraints, to give an apparent size distribution f exp (j) that can be compared directly with experimental data:
Finally, the conservation-of-mass condition Eq. (S11) for determination of µ is modified using Eq. (S29) to conserve initial system mass for red monomers (and by symmetry, also for blue monomers, which are associated with a numerically identical chemical potential):
S6.5. Fitting procedure
Eq. (S30) can be fitted directly via least-squares methods to experimental measurements of equilibrium j-mer concentrations, with ε as the sole fitting parameter.
Oligomer size distributions are difficult to measure reliably. Thus, the function F exp (m tot ) = ∞ j=2 f exp (j) is usually fitted instead to measurements of total equilibrium oligomer concentrations for a range of initial monomer concentrations m tot (the dependence of F on m tot , implicit in µ, has been made explicit here). At each step, µ is evaluated numerically from the implicit analytical conservation-of-mass condition Eq. (S31), and the upper limit of the sums involved are set so that the mass contribution neglected from larger species introduces an error of less than 1 part in 10 6 ; an upper limit of j = 40 was used in this study, proving easily sufficient. Errors in ε are estimated by manually varying the parameter until the resulting curve no longer falls within the majority of the error bars on the datapoints.
S7. CO-OLIGOMERIZATION
The approach detailed in Section S6 can be generalized to consider the co-oligomerization of more than one species to form dimers.
S7.1. Exact solution
The grand canonical partition function for a co-oligomerizing ensemble of 2 different monomer types, labelled a and b, up to a maximum oligomer size of 2, is given as a direct generalization of Eq. (S6):
This becomes, as a direct generalization of Eq. (S7):
where e.g. q ab gives the canonical partition function for a dimer, and f (ab) gives their concentration.
The chemical potential µ i of monomer type i is defined for corresponding initial type i total monomeric protein concentration m i tot by
If nearest-neighbor interactions dominate, then we can write q ij = V v 0 exp(−β ij ) in analogy with the single-species case.
S7.2. Application to present work
The single-species model, in conjunction with the fitted single-species values for oligomerization free energy, can be used to calculate the proportion of oligomers in the single-species experiments that are dimers. At the range of concentrations explored in this study, this proportion ranges from 90-100%. Total observed oligomer concentrations are lower in the 2-species experiments, implying cross-oligomerization to be less favorable than single-species oligomerization, and therefore that the proportion of oligomers larger than dimers is even lower than in the single species experiments.
Under such conditions it is therefore appropriate to fit the 2-species oligomer data to our dimeronly model derived to estimate 40−42 . Error inherent in the model due to neglection of larger oligomers is expected to be smaller than experimental error.
S7.3. Correcting for experimental observations and fitting
For two species, one labeled red (type 1) and the other blue (type 2), we can fit the expression for f (ab) directly to experimental measurements, where f (ab) is explicitly given by
The fitting procedure now involves evaluating both chemical potentials at each stage numerically from implicit algebraic expressions, obtained via Eq. (S34). The sole fitting parameter is ε 1,2 , once ε 1,1 and ε 2,2 are established from fits to self-oligomerization data sets. The same standard value for v 0 is used for all fits. Elongation free energies can be found for different concentrations as before, using Eq. (S27), and errors are estimated as before. All experiments were carried out at T = 37 • C, and this is used to calculate an appropriate value of β for the fitting.
S8. SIMULATING DIFFERENT CONCENTRATIONS AND RATIOS
Once all elongation free energies have been found from fitting, the expressions above can be used to simulate co-oligomerization equilibrium concentrations of different species for a range of concentrations of each monomer type (provided we remain within the range of concentrations at which dimers dominate), with the chemical potentials set in all cases by Eq. (S34). The composition distribution f (ij) can be calculated explicitly, and the total oligomer concentrations can be predicted from their sum. The results can be seen in Fig.S3 , and in Fig.3 of the main text. Finally, it is of interest to consider the maximum predicted total equilibrium oligomer concentration. This is capped because the equilibrium monomer concentration is limited by the CAC. Using the CAC as an accurate estimate for the total concentration of abeta in monomers and in oligomers, we can calculate the maximum possible total equilibrium oligomer concentration to be approximately 44nM. The approximation that oligomers are predominantly dimers is at its least accurate at this upper limit of the monomer concentration; however, we estimate that the error introduced to the total oligomer concentration by this approximation is no more than 5%. To arrive at this error estimate, we simulated a single-species system at the same total monomer concentration, using the single-species oligomerisation free energy of A40, and discovered that when the permitted oligomer species were restricted to dimers the calculated total oligomer concentration is 95% of the total
